The paper puts forward and solves the problem of calculating the symmetric brother nodes of a given node in a perfect binary tree. By analyzing the relationships between a node and its ancestors, the position at which a node lies in term of the subtree rooted by an ancestor is expressed with a mathematical formula and consequently the mathematical formula to express its symmetric nodes is derived out. The formulas enable an easy calculation of a node and its symmetric nodes in the perfect binary tree.
Introduction
In a perfect binary tree, whose definition is seen at page 877 in Paul's dictionary (Paul E Black,2004) and as illustrated in figure 1, an internal node might have a father, a grandfather or even ancestors of higher generations, as described by certain entries in the handbooks edited by Rosen K (Rosen K, 2000) and by Dinesh P M & Sartaj Sahni (Dinesh 2004 ). On a level of a perfect binary tree, it is known that, a node must have a brother that shares a father with it; it also has cousins that share grandfather or ancestors of higher generations. Literatures of studying on the ancestors or descendants of a node in a tree can be frequently found in library. For example, Berkman's paper (Berkman O & Vishkin U, 1994 ) and Papamichail's paper (Papamichail D & Caputi T & Papamichail G, 2014) are on how to find an ancestor of a node while the paper (Knight S, Kim H, Meghanathan N, et al. 2007 ) and the paper (Fly P, Meghanathan N, Isokpehi R, 2011) are on analysis of ancestor-descendant relationships. However it is a pity that one can hardly find a bibliography on how to find a brother or a cousin of a node in a tree. A recent study comes across a problem of finding the symmetric brothers (or cousins) for a given node. For example, given the node (3,2) in figure 1, it has, as its symmetric brother nodes, the node (3,1) that shares a grandfather (1,0), the node (3,3) that shares a father (2,1) and the node (3,5) that shares the root (0,0). Obviously, when the binary tree is big enough, it is really difficult for one to solve the problem in a simple way. Since there is no referable literature, this article solves the problem. 
Preliminaries
This section lists the preliminaries that include definitions, symbols and lemmas, which are necessary for later sections.
Symbols and Notations
A perfect binary tree T, which is defined at page 877 in Paul's dictionary, is a binary tree with all leaf nodes at the same depth. All internal nodes have degree 2. Definitions related with the father, the ancestors and the descendants of a node in a binary trees can be seen by certain entries in the Rosen's and Dinesh's handbooks. In this paper, a node of a binary tree refers to either a vertex or a leaf, and a brother means a brother node or a cousin node. For convenience, symbol N (k, j) is the node at the position j on level k of T, where k > 0 and 0 ≤ j ≤ 2 k − 1. Number of the level by default begins with zero and index of the position also by default begins with zero; symbol T N (k, j) denotes a subtree whose root is N (k, j) and symbol N N (k, j) (i,ω) denotes the node at the position ω on level i of T N (k, j) 
are geometrically symmetric on level i with i > 0 thus they are called symmetric nodes. Accordingly, the path that connects N (k, j) and N
is said to be symmetric to the path that connects N (k, j) and N
is called a symmetric path. Symbol ⌊x⌋ is the floor function, an integer function of real number x that satisfies inequality x − 1 < ⌊x⌋ ≤ x, or equivalently ⌊x⌋ ≤ x < ⌊x⌋ + 1. Symbol mod is the modulo operation and expression r = a mod b means a ≡ r(modb).
Lemmas
Lemma 1 (See in (WANG X B, 2015) ) Let N (m,α) be the node at position α on level m of a perfect binary tree T with m > 0 and 0
The level i with i ≥ 0 of T N (m,α) is the level m + i of T and N
N (m,α) (i,ω) = N (m+i,2 i α+ω) .
Main Results and Proofs
Theorem 1 Let N (k, j) be a node of a perfect binary tree T with k > 0; then there are k symmetric paths connecting N (k, j) and its symmetric nodes. In another word, N (k, j) 
has k symmetric brothers on level k in T.
Proof N (k, j) lies on level k; hence it has totally k ancestors in the tree. Since each of its ancestors can produce a subtree in which N (k, j) has a symmetric brother node, it is sure that it has k symmetric brothers on level k and there are k paths connecting N (k, j) to its symmetric nodes.
Example 1. Take in figure 1 node N (1,0) . It has a symmetric node N (1,1) ; the symmetric path is {N (1, 0) , N (0, 0) , N (1,1) }. Take another node N (2, 0) . It has a symmetric node N (2,3) in term of T, and a symmetric node N (2,1) in term of T N (1, 0) . Consequently there are 2 symmetric paths connecting N (2,0) to its symmetric nodes N (2, 3) and N (2,1) . The two symmetric paths are {N (2, 0) , N (1, 0) , N (0, 0) , N (1, 1) , N (2,3) } and {N (2, 0) , N (1, 0) , N (2,1) }. . Note that, by binary representation it yields ω + (2
it knows that, the most significant bit (msb) of ω must be different from the msb of 2 i − 1 − ω, which means a left node , or equivalently,
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(1,1) , or equivalently
Hence its corresponding symmetric brothers in
Corollary 1 Let N (k, j) be a node in a perfect binary tree T with k > 0 and A 1 , A 2 , · · · , A k be the father, the grandfather and the so-forth ancestors of N (k, j) respectively; then the symmetric brothers of N (k, j) in the subtrees rooted by A 1 , A 2 , ..., A k respectively are calculated in term of nodes on level k of T by
Proof By Lemma 1, it holds in T N (k, j) N
Example 2 Take node N (5,13) that leads to k = 5 and j = 13. 
Conclusion
Calculation of the ancestors, the descendants and the brothers of a node in binary tree is by nature a conventional task in discrete mathematics and computer science. Since the computation also concerns many engineering applications, the related study has been concerned. The theorems proved in this article can undoubtedly provide new criterions for certain computations. Hope it is helpful.
